The aim of this study is to determine the heat transfer coefficient between the heated surface and the boiling fluid flowing in a minichannel on the basis of experimental data. The calculation model is based on Beck's method coupled with the FEM and Trefftz functions. The Trefftz functions used in the Hermite interpolation are employed to construct the shape functions in the FEM. The unknown local values of the heat transfer coefficient at the foil--fluid contact surface are calculated from Newton's law. The temperature of the heated foil and the heat flux on the foil surface are determined by solving a two-dimensional inverse heat conduction problem. The study is focused on the identification of the heat transfer coefficients in the subcooled boiling region and the saturated nucleate boiling region. The results are compared with the data obtained through the one-dimensional method. The investigations also reveal how the smoothing of measurement data affects calculation results.
Introduction
The main goal of this study is to determine the heat transfer coefficient at the interface between the heated minichannel wall and the boiling fluid flowing trought the minichannel. To identify this coefficient we need to know the wall temperature, the temperature gradient and the fluid temperature. The two-dimensional calculation model proposed for determining these quantities requires solving an inverse heat conduction problem. Inverse problems are problems in which the causes of a process are estimated by measuring the process results (Beck et al., 1985) . Solutions to inverse problems are generally badly conditioned, which means that small changes in the input lead to large changes in the output (Tikhonov and Arsenin, 1977) . Because of this property, inverse problems are much more difficult to solve than direct problems.
One of the classical methods used to solve inverse problems is the sensitivity coefficient method, also known as Beck's method or the sequential function specification method (Beck et al., 1985) . This approach involves introducing sensitivity coefficients as a derivative of the measured quantity with respect to the identified quantity and transforming an inverse problem into several direct problems. The direct problems can then be solved using the finite difference method (Beck, 1970; Lin et al., 2008; Shi and Wang, 2009) , the boundary element method (Kurpisz an Nowak, 1992 ; Le Niliot and Lefevre, 2004) , the finite element method (Duda and Taler, 2009; Tseng et al., 1996) , or the Trefftz method Sokała, 1999, 2000; Piasecka and Maciejewska, 2012) . Although the sensitivity coefficient method is generally used to solve unsteady state problems, it can also be adapted to solve steady state problems (Kruk and Sokała, 1999; Piasecka and Maciejewska, 2012; Tseng et al., 1995) .
The approach proposed by Trefftz (1926) seems particularly useful to deal with inverse problems. It involves approximating the unknown solution of a differential equation by means of a linear combination of functions strictly satisfying the differential equation. Such functions are known as Trefftz functions. Then, it is necessary to adjust the approximation function to match the boundary conditions and, additionally, the initial conditions in the case of unsteady state problems. Details of the method based on Trefftz functions can be found in (Ciałkowski and Grysa, 2009 The application of Trefftz functions to construct shape functions in the finite element method and the use of this method to identify the boundary conditions in a steady-state problem are discussed in (Ciałkowski and Frąckowiak, 2002; Grysa et al., 2012; Piasecka and Maciejewska, 2013) . Inverse unsteady state problems solved by means of the FEM with space-time basis functions are shown in (Ciałkowski, 2002; Maciejewska, 2004) .
In this study, Beck's method combined with the FEM and Trefftz-type basis functions is used to solve the inverse heat conduction problem. This method allows us to directly determine the heat flux on the boundary surface; there is no need to differentiate the temperature function. In numerical calculations, differentiation of a function can lead to errors in results. The use of Beck's method connected with the Trefftz method, as proposed by Piasecka and Maciejewska (2012) , was reported to be ineffective in a more complicated distribution of heat flux density on the boundary. It is assumed that the calculations should be performed by means of the FEM. The use of the Trefftz functions and the Hermite interpolation to construct the basis functions give satisfactory results. Details of this approach will be described in the next Sections. The Hermite interpolation was shown by Kincaid and Cheney (2002) .
Experimental research
The calculation of the heat transfer coefficient has been performed using the experimental data obtained from the experimental setup described in detail in (Piasecka, 2014a (Piasecka, ,c, 2015 Piasecka and Maciejewska, 2015) .
The main element of the experimental setup was a cuboidal minichannel 1 mm×40 mm×360 mm. FC-72 was used as the working fluid flowing up the minichannel with the velocity u = 0.17 m/s. The average mass flux G was 282 kg/(m 2 s), Reynolds number Re was 950, inlet liquid subcooling defined as the difference between the saturation temperature at the minichannel inlet and the fluid temperature at the minichannel inlet ∆T sub,in was 36 K. One of the minichannel walls was a heated foil made of Haynes 230 alloy. Because of the electrical properties of the material, it was possible to produce a large heat flux at a relatively small surface area of the foil. On the side in contact with the fluid, the heated foil had evenly distributed microcavities produced by laser machining (Piasecka, 2014b; Piasecka and Maciejewska, 2015) .
The heated foil was separated from the surroundings with a glass panel. The surface of the foil in contact with the glass was covered with a thin layer of thermochromic liquid crystals.
During the experiments, the quantities were measured in the steady state. The measurement data included:
• heat flow parameters:
-local temperature of the heated foil at the surface in contact with the glass panel determined from the distribution of hues on the liquid crystal layer using the method described by Piasecka (2013); -fluid temperature at the minichannel inlet T f,in and the fluid temperature at the minichannel outlet T f,out , measured with K-type thermocouples linked to the data acquisition station; -volumetric flow rate Q V measured with rotameters; -pressure at the minichannel inlet p in and pressure at the minichannel outlet p out measured with pressure transducers linked to the data acquisition station;
• electrical parameters:
-drop in voltage ∆U along the length of the heated foil, measured with a voltmeter; -electric current supplied to the heated foil I measured with an ammeter;
• flow structures.
The capacity of the heat source (volumetric heat flux) has been determined from the formula
where I is the current supplied to the heated foil, ∆U -drop in voltage along the length of the heated foil, A F -surface area of the heated foil in contact with the fluid, δ F -thickness of the heated foil, q w -heat flux. The numerical calculations have been performed using the measurement data presented in Fig. 1 and Table The numerical calculations have been performed also for the smoothed temperature data (see Fig. 2 ). The data was smoothed by means of the approximating polynomial based on the Trefftz functions using the least squares method (Grysa et al., 2012) .
Mathematical model
Two-dimensional stationary heat transfer in the minichannel described in Cartesian coordinates x, y is assumed in the investigations. The x coordinate refers to the fluid flow direction and the y coordinate relates to thickness of the heated foil and the glas panel. In this investigation, variation in temperature along width of the minichannel is neglected.
The local values of the heat transfer coefficient between the heated foil and the boiling fluid flowing in the minichannel are calculated using Newton's law.
where q is the heat flux transferred from the heated foil to the fluid, T F -temperature of the foil, with q and T F determined by solving the inverse heat conduction problem in the heated foil, δ G -thickness of the glass panel, δ F -thickness of the foil, T f -temperature of the fluid, with The temperature of the heated foil satisfies the Poisson equation
and the boundary conditions (see Fig. 2 )
and
where x 1 is the location of the first measurement point at the boundary y = δ G , x P -location of the last measurement point, P -number of measurements, T p -measured temperature, λ F and λ G -thermal conductivity coefficients of the foil and glass, respectively, q V , δ G , δ F have the same denotations as in Eqs. (2.1) and (3.1).
The temperature of the glass panel, as in (Hożejowska and Piasecka, 2014) , has been determined by solving the direct heat conduction problem
where L denotes length of the glass panel, δ G , x P , P have the same denotations as in Eqs. 
Beck's method coupled with the FEMT
Beck's method (Beck et al., 1985) involves converting an inverse problem into several direct problems by applying the so-called sensitivity coefficients. Since the heat flux at the boundary is the unknown quantity here, it is essential to determine the sensitivity coefficients as derivatives of temperature with respect to the unknown flux.
The calculations have been performed assuming the heat flux q at the boundary
where U is the unit step function (the Heaviside function), while q m for m = 1, 2, . . . , L1 take constant values (Kruk and Sokała, 1999) . The same partition of the boundary y = δ G + δ F , x ∈ x 1 , x P into L1 parts will also be used in the FEM. The temperature T F dependent on the q m fluxes for m = 1, 2, . . . , L1 at the boundary y = δ G + δ F for x 1 x x P , like in (Kruk and Sokała, 1999) , is expanded into a Taylor series about a fixed point (q 01 , . . . , q 0L1 ). Since higher order derivatives disappear in linear problems, we obtain the formula
After introducing the denotations Θ F (x, y) = T F (x, y, q 01 , . . . , q 0L1 ) and Z m (x, y) = (∂T F /∂q m )| qm=q 0m , expression (4.2) is written as
where Z m (x, y), for m = 1, 2, . . . , L1 are the sensitivity coefficients.
Condition (3.4) will be used in the subsequent calculations. The functions Θ F and Z m for m = 1, 2, . . . , L1 have been determined using the finite element method combined with the Trefftz-type basis functions (FEMT), as described in (Piasecka and Maciejewska, 2013) . In this paper, the partition of the domain Ω F into finite elements is closely linked to the partition of the boundary y = δ G + δ F , x ∈ x 1 , x P into L1 parts, like in Eq. (4.1). The basis functions f jk (x, y), g jk (x, y), h jk (x, y) constructed with the Hermite interpolation (Kincaid and Cheney, 2002) , have the following properties in nodes (
where j is the element number, k -number of the basis function in the j-th element, N -number of nodes in the j-th element, δ ki -Kronecker delta. Three nodal parameters are associated with each interpolation node: the value of the function at a node, the value of the partial derivative with respect to x, and the value of the partial derivative with respect to y.
In each element Ω j F , the function Θ F (x, y) is approximated by means of a linear combination of the basis functions
where u(x, y) is the particular solution of equation (4.4) 1 , n -number of the node in the whole domain Ω F , a n -value of the unknown function at the n-th node of the domain Ω F , b n -value of the partial derivative of the unknown function with respect to x at the n-th node of the domain Ω F , c n -value of the partial derivative of the unknown function with respect to y at the n-th node of the domain Ω F , f jk (x, y), g jk (x, y) and h jk (x, y) -basis functions, j, k, N have the same denotations as in Eqs. (4.6).
The unknown coefficients a n , b n , c n in linear combination (4.7) have been calculated, like in (Piasecka and Maciejewska, 2013) , by minimizing the functional J which describes the mean square error of fit of the approximate function to the boundary conditions and the difference between the values of the approximate function at the common edges of the adjacent elements, and in this calculations has the form
Similarly, the solutions to the L1 direct problems give the sensitivity coefficients Z m for m = 1, 2, . . . , L1.
The values of q m for m = 1, 2, . . . , L1 in expression (4.3) have been calculated by minimizing the functional J P F that describes the mean square error between the values of the function T F (x, y, q 1 , . . . , q L1 ) at the measurement points and temperature measurements
Calculation results
The values of the heat transfer coefficient have been obtained by solving the inverse heat conduction problem through Beck's method coupled with the finite element method in which the Trefftz functions were used as basis functions. The values of this coefficient were determined in the subcooled boiling region and in the saturated nucleate boiling region.
The calculations were performed using the raw temperature data presented in Fig. 1 as well as the smoothed temperature data. In both approaches, two variants of the partition of the boundary y = δ G + δ F for x ∈ x 1 , x P into subdomains were considered. In variant one, the boundary was partitioned into L1 = 10 subdomains, while in variant two, it was partitioned into L1 = 20 subdomains. In neither case the domain Ω F was partitioned in the y-direction. The four Hermite interpolation nodes were placed at the vertices of rectangular elements of the mesh. As three nodal parameters were associated with each interpolation node, the basis functions were constructed using 12 Trefftz functions. The particular solution to Eq. The relative differences between the values of the heat transfer coefficients obtained for both variants of the boundary partition into L1 = 10 subdomains and L1 = 20 subdomains were calculated according to formula (5.1) and shown in Table 2 
where P denotes the number of measurements, α
and α
i,L1=20 2D
are values of the heat transfer coefficients calculated for L1 = 10 and L1 = 20 subdomains, respectively, indexes i = Raw and i = Smoo refer to the calculations based on the raw measurement data and the smoothed temperature data, respectively. From Table 2 , it is evident that the greatest differences between the values of the heat transfer coefficients occurred at setting #11 when the raw measurement data was used. Since there are very small differences between the values of the heat transfer coefficient obtained from the smoothed data for the case when the domain is divided into L1 = 10 subdomains and those reported for the division into L1 = 20 subdomains, Fig. 5 shows only the results obtained for L1 = 10. 
Comparison of the results obtained by Beck's method coupled with the FEMT and those obtained using the one-dimensional method
The one-dimensional method described by Piasecka et al. (2017) has been employed to verify the results. This method assumes that the whole heat flux supplied to the heated foil q V is transferred to the fluid flowing in the minichannel. The temperature measured at the surface y = δ G is assumed to be the temperature of the wall y = δ G + δ F . This approach is appropriate only when the foil thickness δ F is negligible. In the one-dimensional method, the heat transfer coefficients have been calculated from the formula (Piasecka et al., 2017 ) 
, and i have the same denotations as in formula (5.1), α Raw 1D and α Smoo   1D are values of the heat transfer coefficient obtained by the one-dimensional method using the raw measurement data and the smoothed measurement data, respectively, Eq. (6.1).
The calculation results are presented in Table 4 . The greatest differences between the values of the heat transfer coefficient obtained with the one-dimensional method and those reported for Beck's method coupled with the FEMT occurred at setting #11 when the raw measurement data was used and the domain was partitioned into L1 = 10 subdomains in the x-direction, see 
Conclusions
This paper discusses the application of Beck's method combined with the FEMT to calculate the local values of the heat transfer coefficients for the heat transfer between the heated foil and the fluid flowing in the minichannel. The sensitivity coefficients are introduced as derivatives with respect to the unknown heat flux at the edge in order to directly calculate the values of the heat flux with no need to differentiate the temperature functions. The calculations have been performed using both the raw and smoothed measurement data. In both cases, the boundary y = δ G + δ F , x ∈ x 1 , x P was partitioned into L1 = 10 and L1 = 20 subdomains.
Partitioning of the domain in the x-direction does not cause considerable changes in the values of the heat transfer coefficient calculated in the subcooled boiling region (the maximum relative difference is approximately 3%, see Table 2 and Fig. 3 ). However, changes in the values of this coefficient are reported in the saturated nucleate boiling region. Further partitioning in the x-direction has a significant influence on the values of this coefficient when raw data rather than smoothed is used, see Table 2 and Fig. 4 .
The local values of the heat transfer coefficients are relatively low in the subcooled boiling region (like in Grysa et The values and distribution of the coefficient obtained by means of the proposed method are similar to those reported for a simple, one-dimensional method, see Fig. 6 . The relative differences between the coefficients obtained with the two methods, given in Table 4 , does not exceed 2.6% in the subcooled boiling region. In the saturated nucleate boiling region, however, they are greater and reach approximately 13.5%. Further partitioning of the domain, i.e. from L1 = 10 into L1 = 20 subdomains, contributes to reduction in the differences in the values of the coefficients obtained with both approaches only in the saturated nucleatesboiling region when the raw measurement data is used. The differences are negligible in the subcooled boiling region as well as when the smoothed temperature data is used.
